Abstract. This note describes a toroidal polyhedron which is homotopic to a trefoil knot and admits an isohedral tiling of 3-space with many symmetries.
Introduction
This note describes in detail a space-filling "knotted" polyhedron (corresponding to a trefoil knot) that admits a tiling of 3-space. It is a sequal to [4] , and describes the polyhedron mentioned in the remark at the end of that paper. This second example of a space-filling trefoil knot differs from the previous one in that it admits an isohedral (i.e., tile-transitive) tiling that possesses more symmetries, namely, all the direct symmetries of the cube lattice. Furthermore, the tiles of this new tiling are more intricately linked with each other.
The idea on which both the construction below and the previous construction are based can be generalized and used to obtain space-filling knotted polyhedra corresponding to arbitrary types of knots. This generalization has been briefly discussed in [5] , and will be described in more detail in a forthcoming paper.
These investigations were initiated by a lecture of Schulte [6] during which he suggested searching for a space-filling knotted polyhedron. A different construction of space-filling knots is given by Kuperberg [2] . His knotted polyhedra admit a lattice tiling of 3-space, without interlocking. Furthermore, another example of a spacefilling trefoil knot was constructed earlier by McMullen [3] . Independently, the problem was also recently studied by Colin Adams. 604 P. Schmitt lattice points: Let S~ be the union of all cubes for which the center point has (at least) two even coordinates, and let $2 be the union of all cubes for which the center points have (at least) two odd coordinates. Then S~ and S 2 are congruent, have disjoint interiors, and their union covers the space. Furthermore, these two sets are linked like (in 3-space) the graph formed by the edges of a regular cube tiling and the (congruent) graph obtained by joining each center of a cube with the centers of the six cubes adjacent to it. (Remark: The same decomposition of 3-space was used by Debrunner [1] .)
Step 2. Let ~ be the cube tiling determined by lattice points of the form (6k, 6m, 6n) (k, m, n are integers) as vertices, and let ~ be 511 shifted by (3, 3, 3) . Denote by ~S i := {T • SilT ~ ~//} the tiling of S i induced by 5~i. Then (~lIS1) U (~lS 2) is a tiling by congruent tiles that still has the symmetries of a cubic lattice. The corresponding prototile P is a cube C of side length 6, through which 27 holes in the form of a quadratic prism (side length 1) have been drilled--3 • 3 parallel to each of the three edge directions. Its structure--with respect to connectivity--corresponds to the structure of the edge graph of a composite cube formed by 3 • 3 • 3 cubes.
Step 3. As is described in detail below, the prototile P, obtained in the previous step, can be dissected into eight identical pieces, each directly congruent to a "knotted polyhedron" K, i.e., a polyhedron which is homeomorphic to a torus, and which is homotopic to a trefoil knot. This polyhedron K is the desired knotted space filler: Eight copies of K tile P, and P is a space filler. Therefore K is a space filler.
The dissection of P into eight copies of K preserves the direct symmetries of the basic cube C. In particular, K possesses threefold rotational symmetry--one copy of it is situated "around" each vertex of C (see Fig. 4 which shows a simplified knot embedded in the cube). P can be considered as the union of six identical square "pyramids" (more precisely, square pyramids with holes) determined by the center and one of the six "sides" of P (or C). Due to its symmetry, the dissection of P induces identical dissections of these pyramids into four congruent parts, each corresponding to one-third of a copy of K, and consisting of two (noncongruent) pieces. Moreover, this dissection preserves the fourfold rotational symmetry of the square pyramids, and each knot passes through three of these pyramids (namely, those sharing a vertex of C). Therefore, in order to describe the polyhedron K, and how it tiles P, it is sufficient to describe how one-third of K is embedded into a pyramid. Figure 1 shows such a generating pyramid Q in a side view, together with three cross sections (taken parallel to the.base of the pyramid, i.e., a side of the cube), as they are used to describe the knot. (The three marks at the left of the side view show where the sections are taken. It is assumed that these sections are taken slightly higher than the corresponding horizontal sides.) components. Together with its images under rotation by 7r/2, ~r, and 37r/2 it forms a partition of the pyramid Q.
In the figure the lowest vertex of each cross section corresponds to a point on the (threefold) symmetry axis of K, i.e., a space diagonal of C. The union of L and its images under rotation around this axis (by 27r/3 and 4~-/3) is a copy of K.
Furthermore, Fig. 3 shows views (seen parallel to the base) of the four triangular sides of a generating pyramid Q, arranged as in a net. The shaded parts lie below the face--they are visible only because of one of the prismatic holes. The two lower triangles meet in the threefold symmetry axis. When K is generated by adding two rotated copies, the lower left face is placed against a copy of the lower right face, and vice versa. Thus it can be seen how the two components L~ and L2 of L in one copy of Q are connected with those in the adjacent copies (Q' and Q") of Q L 1 to L' 2 and L" 2, and L z to L'~ and L"l--to form the connected polyhedron K, composed of (in circular sequence) L~, L' 2, E' 1 , L 2, L' I , and L' 2. Figure 4 shows how K--or, rather, a knot homotopic to it is embedded into the cube C. The diagram is seen in the direction of a space diagonal of the cube, and 
